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1. INTRODUCTION 
In a recent paper [Z] W. Fulks and the authors of this paper obtained a 
simple proof of the extendibility of solutions of x’ =f(t, X) by using the 
mean value theorem for vector-valued functions as stated in Dieudonne 
([2], p. 153). In the present paper we give a simple proof of a slightly sharper 
version of Dieudonne’s mean value theorem and give answers to the question: 
For continuous real-valued functions u(t) and a(t) defined on a closed interval 
[a, b] with u(a) < ~(a), under what conditions will the difierential inequality 
Dfu(t) - f(t, u(t)) < D’v(t) - f(t, v(t)), (1) 
at all but a countable set of points of [a, b), imply the inequality u(b) < v(b) ? 
Here and throughout this paper D+u(t) denotes the upper right Dini derivate 
of the function u at the point t. And, as D, , D-, and D_ 
the lower-right, 
Redheffer [3] has given an answer to this in the special case when 
f(t, x) = where u(t) are continuous 
requiring the above differential 
functions and v(t) 
not only to be continuous but to be of bounded variation with nonincreasing 
singular part as well (cf. [4]). Furthermore, such results also require the 
function f(t, x) to satisfy the existence conditions of Caratheodory (cf. [5], 
p. 43 of [d]), whereas in our Theorem 4f(t, X) need not even be measurable 
in t. Moreover, classical example of of a continuous strictly 
increasing function u(t) on [O,l] satisfying u’(t) = 0 almost 
everywhere shows directly that Theorems 3, 4, and 5 are false if the excep- 
tional sets are allowed to be arbitrary sets of measure zero (even when 
f(t, x) SE 0). 
1 This research supported by the Science Foundation, 
392 BEBERNES AND MEISTERS 
2. ELEMENTARY RESULTS 
For the sake of comparison with our main results, we begin with a simple 
result which requires no regularity assumption for the function f(t, X) 
(see [6], pp. 1066107, and [7], p. 57 and p. 62). 
THEOREM 1. Let u(t) and v(t) be continuous mappings of un interwal [a, b] 
into an interval [c, dJ with u(a) < V(U) and Zetf(t, x) be any real-vuhedfunction 
de$ned on [a, b] x [c, d]. Then if 
DfW -f(t, u(t)) < D+v(t) -f(t, W (2) 
for all t in [a, 6) t f 11 i o ows that u(t) < v(t) for all t in [a, b]. 
Proof. Suppose not. Then there exists a t,, E (a, b) such that u(t,,) > v(t,,). 
Let S denote the set of all t in [a, t,,] such that u(t) < v(t), and let tl = sup S. 
Then a < t, < to, u(tJ = v(tl) and u(t) > v(t) on (tl , t,,]. Consequently 
D+u(t,) > D+v(t,) which contradicts the inequality (2) at t, . This concludes 
the proof. 
We remark that in inequality (2) the Df can be replaced by D, , and the 
same conclusion still follows. Furthermore there is an analogous result 
for D- (or D-) which we state as 
THEXEM 1’. Let u(t) and v(t) be continuous mappings of an interval 
[a, b] into an interval [c, dj with u(b) > o(b) and let f(t, x) be any real-valued 
function defined on [u, b] x [c, d]. Then if 
D-u(t) -f(t, u(t)) < D-v(t) -f(t, a(t)) (2’) 
for all t in (a, b] tf I1 i o ows that u(t) > v(t) for all t in [a, b]. 
The proof of this theorem will be omitted since it is entirely analogous 
to the proof of Theorem 1. 
These two theorems can be combined to give the following. 
COROLLARY 1. Let u(t) and u(t) b e continuous mappings of the closed interval 
[a, b] into an intmxzf [c, d] with u(u) < n(a), and let f(t, x) be any real-valued 
function defined on [a, b] x [c, dj. Then if the inequality (2) holds on [a, b) 
and the inequality (2’) holds on (a, b], it follows that u(t) < v(t) on (a, b]. 
Proof. Theorem 1 and continuity of u and =ZJ implies that u(t) < e(t) 
on [a, 61. Suppose that for some t, in (a, b] u(t,,) = w(tJ. Then u and TI 
satisfy the hypotheses of Theorem 1’ on the interval (a, t,], so that u(t) > v(t) 
on [a, t,]. Hence u(t) = v(t) on [a, t,] which contradicts the inequality (2’) 
on (4 CJ. 
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COROLLARY 2. Let f (t, x) be a real-valued function defined on [a, b] x [c, d] 
and let u(t) be a continuous mapping of [a, b] into [c, d] such that 
D+u(t) <f(t, u(t)) on [a, b), then any solution y(t) of x’ =f(t, x) ofi [a, b) 
with y(a) >, u(a) satisfies the inequality u(t) < p)(t) on [a, b). 
Corollary 2 follows immediately from Theorem 1 and an analogous result 
concluding u(t) < p)(t) follows from Corollary 1. 
We remark that in Theorem 1, the strict inequality (2) must hold for all t 
in the interval [a, b), even iff(t, x) is continuous and x’ = f(t, x) has unique 
solutions. In fact, even with these added restrictions onf(t, x), the conclusion 
of Theorem 1 may fail if the inequality (2) becomes an equality at 
only a single point. This is illustrated by the following example. Let 
f(t,x)~1~3~x~~,u(t)-t2andv(t)~Ofor-l~x~1andO~t~l. 
Thenf(t, x) is continuous, x’ = f( t, x ) h as unique solutions, u(O) = v(0) and 
the inequality (1) holds everywhere on [0, 1) except at t = 0 where it is an 
equality. Nevertheless, u(t) > v(t) on (0, 11. 
3. THE VECTOR MEAN VALUE THEOREM 
In this section, we state and prove a lemma which affords simple proofs 
of the mean value theorem ([2], p. 153) for vector-valued functions and of a 
slightly generalized Kamke differential inequality ([8], p. 26, or [6]). 
LEMMA 1. If u(t) is a continuous real-valued function on [a, b] and if 
Du(t) < 0 (where D denotes any one of the four derivates) except at a denumer- 
abZe number of points of [a, b], then u(t) is nonincreasing on [a, b]. 
Proof. We shall assume D = D, since a similar proof holds in each of 
the three other cases. It suffices to show that u(t) < u(a) for all t in [a, b]. 
Assume not, then there exists a b E (a, b) such that u(p) - u(a) = p > 0. 
Define 
vc(t) = u(t) - u(a) - E(t - a), E > 0, 
and note that v<(a) = 0, p&3) = p - l - a), and that q is continuous 
on [a, b]. For any q, 0 < q < p, ~,(/3) > q provided E < (p - q)/(j3 - a). 
Next define A to be the set of all t in [a, 8) such that p<(t) < q. Since a 
belongs to A and p is an upper bound, let a(c) = sup A. Then a < a(~) < p < 
b, da) = q and g),(t) > q on (a, PI. Th us, if 01 is not an exceptional point 
we have D+u(or) < 0 and D+q~,(or) > 0; but D+u(cx) < 0 implies that 
D+v,(ol) < --E < 0, which is a contradiction. 
Hence, a(<) is an exceptional point for each l 0 < E < (p - q)/@ - a). 
For any a, there is only one c since 
944 - d4 = (E’ - d(a - 4 
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implies that E’ = E. This implies that the interval (0, (p - CJ)/@ - a)) is 
countable which is obviously impossible. 
THEOREM 2. (Mean value theorem for vector-valued functions). If x(t) 
is a continuous mapping of an interval [a, b] into a normed linear space X, 
if v(t) is a continuous real-valued function on [a, b], and if DRx(t) (DR denotes 
the right derivative) exists and sattijies 
at all but possibly a denumerable subset of [a, b], then 
Proof. Let u(t) = // x(t) - x(a)i/, then 
Dfu(t) G II &x(t>ll < D+dt) 
so that 
D+[u(t) - dt)l G 0 
at all but a denumerable number of points of [a, b]. By Lemma 1, 
u(t) - dt> G 44 - da) 
or 
II 4b) - 44ll < v(b) - da). 
The next theorem shows that Kamke’s theorem on differential inequalities 
holds even allowing a denumerable exceptional set. 
THEOREM 3. Assume that u(t) is continuous on [a, b] into (c, d), f(t, x) is 
continuous on [a, b] x (c, d), and that 
D+u(t) <f(t, u(t)) (3) 
except possibly at a denumerable number of points of [a, b]. Then any maximal 
solution p),(t) of x’ =f(t, x) with vm(a) > u(a) satkfies u(t) < v,Jt) on 
[a, tq,) where [a, tV,) is the (maximal) interval of existence of tpm . 
Proof. Let v(t) = Jtf(s, u(s)) ds, th en v’(t) =f(t, u(t)) and D+[u(t)-v(t)] < 0 
except at a possible denumerable number of points of [a, b]. By Lemma 1, 
u(t) - v(t) is nonincreasing on [a, b]. Thus, for any tl < t, in [a, b] 
u(tJ - u(t,) < Jzf(t, u(t)) dt and so the assertion follows directly from [;7, 
p. 41. 
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4. DIFFERENTIAL INEQUALITIES AND UNIQUENESS 
If instead of continuity off(t, ) x we assume a uniform bound on the rate 
of increase off(t, x) as a function of X, we can replace the strict inequality (2) 
in Theorem 1 by a weak inequality, and we may even allow a denumerable 
exceptional set for this weak inequality. This we state more precisely as 
THEOREM 4. Let u(t) and v(t) be continuous mappings of an interval [a, b] 
into an interval [c, d] with u(a) < v(a). Let f(t, x) be a real-valued function 
deJined on [a, b] x [c, dJ and suppose that there exists a nonnegative continuous 
function h(t, u) defzned on [a, b] x [0, d - c] such that for each toc[a, b), 
u’ = h(t, u), u(t,) = 0, has zero as a unique (right) s&t&m and such that 
c < x1 < x2 < d impliesf(t, x.J -f(t, xi) < h(t, x2 - xl) (4) 
except at possibly a countable number of points of [a, b] x [c, d]. Suppose further 
that there exists a denumeruble subset E of [a, 6) such that, for all t in 
[a, b) - E, D+u(t) # +co, D+v(t) # -co, and 
Then 
D+@(t) -f(t, u(t)) < D’v(t) - f(t, v(t)). (5) 
u(t) < v(t)for all t in [a, b]. 
Proof. If u(t) $ v(t) on [a, b], then there exist 01, /3, a < (II < /3 < b, 
such that 
Hence, 
u(a) = v(a) and u(t) > v(t) on (OL, /3]. 
D+[u(t) - WI <f(t, u(t)) -f(t, v(t)) < qt, u(t) - v(t)) 
on [OL, /3] except for a possible denumerable subset. By Theorem 3, 
u(t) - v(t) < 0 on [OL, CY + 6) for some 6. But this is a contradiction, and, 
hence, u(t) < v(t) on [a, b]. 
We remark that in inequality (5) the D+ can be replaced on both sides by 
D, and there is a result analogous to Theorem 1’ for D- which we state as 
THEOREM 4’. Let u(t) and v(t) be continuous mappings of an intervuZ [a, b] 
into an interval [c, d] with u(b) > v(b). Let f(t, x) be a real-valued function 
de$ned on [a, b] x [c, d] and suppose that there exists a nonnegative con- 
tinuous function h(t, u) defined on [a, b] x [0, d - c] such that for each 
t, (a, b], u’ = h(t, u), u(t,) = 0, has zero as a unique (Zeft) solution and 
such that 
c < x1 < x2 < d implies -h(t, x2 - x1) <f(t, x2) - f(t, x1) (4’) 
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except at a countable number of points of [u, b] x [c, d]. Suppose further 
that there exists a denumerable subset E of (a, b] such that, for all t in 
(a, b] - E, D-u(t) # +CXJ, D-v(t) # --co, and 
D-u(t) - f(t, u(t)) < D-a(t) -f(t, v(t)). 
Then u(t) > v(t) for aZZ t in [a, b]. 
(5’) 
We omit the proof since it is completely analogous to that of Theorem 4. 
Note that condition (4) is satisfied if f(t, x) is nonincreasing in x for each 
fixed t or if f(t, x) satisfies a uniform Lipschitz condition with respect to x. 
Theorem 4 entails a (right) uniqueness theorem for solutions of x’ = f(t, x) 
which does not even requiref(t, x) to be measurable in t. (see [7], pp. 71-75, 
for a discussion of one-sided uniqueness conditions). We state this more 
precisely as 
COROLLARY 3. Suppose f(t, x) satisfies condition (4) and that p(t) and 
$(t) are continuous functions on. [a, b] equal at t = a, and satisfying x’ = f(t, x) 
except possibly on a countable subset of [a, b]. Then p)(t) = t)(t) at all points 
of [a, 61. 
There is of course a corresponding (left) uniqueness theorem which follows 
from Theorem 2’ and we note that conditions (4) and (4’) together are 
equivalent to the Perron condition for f (t, x) which then implies a two-sided 
uniqueness theorem analogous to Corollary 3. 
Now Corollary 3 might lead one to believe that Theorem 4 would remain 
valid if condition (4) is replaced by some weaker (right) uniqueness condition. 
However the example given at the end of Section 2 shows that (even when 
f(t, x) is continuous) the assumption that the initial value problem for 
x’ = f(t, x) has unique solutions is not enough to guarantee the conclusion 
of Theorem 4. 
We now give an example (due to Olech [9]) which shows (at least for 
discontinuous f(t, x)) that condition (2) cannot be replaced by the general 
uniqueness condition of Kamke nor even that of Nagumo (cf. [a, p. 139, 
or [S], pp. 31-32). Let f(t, x) be defined on [0, l] x [-I, +l] by the 
conditionsf(t, x) = 1 for 0 <t <x < l,f(t, x) = -1 for 0 < t < -x < 1, 
f(t,x)=x/tforO</x]<t<l,andf(O,O)=-l.Then 
1f(t, x2) -f(t, x1)1 G I x2 - Xl I/t 
for 0 < t < 1. If u(t) 3 t and v(t) = -t on [0, 11, then u(0) = u(0) and the 
differential inequality (5) is satisfied for all t in [0, l] except at t = 0. Never- 
theless u(t) > w(t) on (0, 11. 
If we say that f(t, x) has the uniqueness property whenever there is no more 
than one continuous function x(t) satisfying the initial value problem for 
x’ = f(t, x) everywhere on [a, b] and we say f(t, x) has the strong uniqueness 
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property whenever there is no more than one continuous function x(t) 
satisfying this initial value problem at all but possibly a countable set of 
points of [a, b], then the last example shows that it is possible for a (discon- 
tinuous) function to have the uniqueness property without having the strong 
uniqueness property. In this terminology, Corollary 3 shows that condition (4) 
is a strong (right) uniqueness condition and the last example shows that the 
Kamke condition is not a strong uniqueness condition. Of course for 
continuousf(f, x) there is no distinction between these two types of uniqueness 
(a simple proof of this follows from Corollary 5 below). 
The following corollary shows that iff(t, ) x is nonincreasing in x then one 
need not know a priori the relative size of u(a) and v(a). 
COROLLARY 4. Let u(t) and v(t) be continuous mappings of an interval 
[a, b] into an interval [c, dj and letf(i, x) be a real-valuedfunction de$ned on 
[a, b] x [c, d] such that, for each $xed t in [a, b], f(t, x) is a nonincreasing 
function of x on [c, dj. If, except on a countable subset E of [a, b), D+u(t) # +co, 
D%(t) # -co, and 
D’@) -f(4 u(t)) G D’v(t) -f(4 v(q), 
then u(t) < v(t) + m on [a, b] where m = max[O, u(a) - v(a)]. 
Note that the following results are simple corollaries of Theorem 4 and/or 
Theorem 4’. The first was originally proven by Scheeffer [ZO]. 
COROLLARY 5. If u(t) and v(t) are continuous real-valued functions on 
an intervaE [a, b] and if h(t) and Dv(t) are jinite and equat on [a, b] except 
at a countable number of points, then u(t) and v(t) differ only by a constant 
on [a, b]. 
Proof. We shall consider only the case D = D+ since the other three 
cases are analogous. Define V(t) = v(t) + u(a) - v(a). Then u(a) = V(u) 
and D+u(t) = D+V(t) = finite except possibly on a countable set. Thus 
withf(t, x) = 0, Theorem 4 applies to give both u(t) < V(t) and V(t) < u(t) 
on [u, b]. Thus, u(t) = v(t) + u(a) - v(a) on [a, b]. 
That the wdrd “finite” is needed in Corollary 5 is shown by an example 
given by H. Hahn [II] of two continuous functions which have everywhere in 
an interval the same derivative but the difference of which is not constant 
in the interval. Of course the functions involved must have an infinite 
derivative at a nondenumerable number of points of the interval. 
The final corollary of Theorem 4 points out that the Kamke inequality 
D+u(t) <f(t, u(t)) does imply that u(t) is dominated by the solution of the 
initial value problem (provided a solution exists) with no smoothness condition 
imposed on f(t, x) as a function of t. More precisely, 
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COROLLARY 6. If f(t, x) satisfies the conditions of Theorem 4 and if u(t) is a 
continuous mapping of [a, b] into [c, d] such that D+u(t) < f(t, u(t)) on [a, b) 
except for a possible denumerable subset, then any solution p)(t) of x’ = f(t, x) 
on [a, b) with p;(a) > u(a) satisfies the inequality u(t) < pi(t) on [a, b). 
Although the differential inequality (5) implying u(t) < v(t) is not 
equivalent to the uniqueness property of f(t, x) (even for continuous f(t, x)), 
the implication 
D+u(t) - f(t, u(t)) < 0 < D+u(t) - f(t, v(t)) 3 u(t) < v(t) (6) 
(for u(a) < v(a)) is equivalent to the uniqueness property for continuous 
f(t, x) (compare with [7], pp. 60-61, and [6], p. 107). 
THEOREM 5. If u(t) and v(t) are continuous mappings of [a, b] into (c, d) 
with u(a) < v(a) if f(t, ) x is continuous on [a, b] x (c, d), if the initial value 
problem x’ = f(t, x), x(t,) = x0 , t, E [a, b), x,, E (c, d), has a unique (right) 
solution, and if 
D’u(t) -f(t, u(t)) d 0 < D’v(t) -f(t, v(t)) 
except for a possible denumerable subset of [a, b), then u(t) < v(t). 
The proof of this Theorem follows by a direct application of Theorem 3. 
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